Phase-reversal zone plates can be designed even for regions of the electromagnetic spectrum where the index of refraction is complex, with a real part close to 1.0. These devices are superior to Fresnel zone plates both in their light collection, and in their signal-to-noise characteristics. Materials with suitable optical and mechanical properties exist throughout most of the 1-800-A wavelength range for their construction. Imperfections in fabrication, such as incorrect plate thickness, sloping zone edges, or an error in the width of alternate zones result in only moderate deterioration in optical performance.
Although Fresnel zone plates have been known for about 100 years, 1 they have not enjoyed much popularity for four reasons. of the power incident on the zone plate participates in forming the primary image).
(ii) They suffer from high background (4 of the light incident is undiffracted and creates a continuous background in the image plane).
(iii) They are highly chromatic (f (c 1/X). A.6 In the use of Fresnel zone plates in x-ray astronomy, 7 ' 8 and spectroscopy, 9 the high background, due primarily to the undiffracted radiation, can be removed by central stops. '" The resulting zone ring however has an even worse light-collecting efficiency than that of the zone plate. We propose to improve the light-collecting efficiency and to suppress the background in these devices using the Rayleigh-Wood scheme for replacing opaque zones by phase-shifting ones. We show that this procedure is useful and possible even though the refractive index of all mabterial is complex, with the real part very close to 1.0. In what follows, we will briefly review the properties of the Rayleigh-Wood phase-reversal zone plate and show how a device of this type can be made for the extreme uv and the x-ray range.
THE RAYLEIGH-WOOD PHASE-REVERSAL ZONE PLATE
The Rayleigh-Wood device consists of a series of concentric ring-shaped zones. Alternate zones are open, the others advance (or retard) the phase of the incident radiation by 7r radians. This is done by adding (or subtracting) X/2 to the optical path of the rays in these zones, using refractive material of the appropriate thickness. Consider plane waves incident on this zone plate. At the primary focus, the resultant amplitude from each zone must add in phase. In the direction of increasing radius along the zone plate, the path of the rays to the focus increases. Over a pair of zones, the path increases by X and the phase 0 by 27r. In the first of these two zones, the phase may be considered to increase from 0 to 7r, with the resultant amplitude having phase 7r/2. In the next zone, the phase moves from wr to 27r, with the resultant at 3wr/2. This would interfere destructively with the contribution of the previous zone were it not for the phase shift 4 = 17r introduced by the zone-plate material.
In the next pair of zones, the phases repeat with 0 larger by 27r; the resultant amplitude for each zone therefore adds in phase at the primary focus, as required. Each time the path increases by X/2 (and 0 by 7r), a new zone starts; this requirement determines the zone radii, 
where rn is the radius of the nth zone, and f is the focal length. In most devices built to date nX<<f, and we have the simple expression rn; (nfX)i. (2) In this approximation, all zones have equal areas and contribute equally to the irradiance at the focus. The zone plate acts as a lens for finite object distances 301 VOLUME 64, NUMBER 3 MARCH 1974 p and image distances q, satisfying the relation
where f =r? 2 /X. The expression for the radii Eq. (1), is accurate only for the object (or image) at infinity. Using this zone plate for finite object distances introduces spherical aberrations. For specific applications, however, the second term in Eq. (1) can be adjusted to eliminate these.
"
2 In general,
If we expand this expression in powers of nX, we obtain
For q = f the higher-order terms vanish, and we recover In general, the second term in Eq. (4) becomes significant if n 2 > f/X. The higher-order terms remain negligible for all object distances unless nl>5f/X.
The resolving power of the zone plate is very similar to that of a lens of the same diameter. ' 3 In addition to the primary real focus, the device has higher-order foci at f/(2m+ 1), m= 1, 2, .... It also has an identical series of virtual foci, allowing the use of the zone plate as a diverging element as well as a converging one. The distribution of the incident flux among these foci has been considered by Horman' 4 and by Dammann". In Table I , we contrast the way this flux is distributed in the conventional Fresnel zone plate and in the Rayleigh-Wood phase-reversal zone plate. In the latter, all foci gain by a factor of 4, and both the background from the zero-order undiffracted beam and the absorption in (and possible damage to) the plate have been eliminated.
Recently, zone plates with very large numbers of zones have been made by use of the interference pattern between two spherical wave fronts from the same laser.
8 "" 6 " 7 . This technique results in zones with approximately sinusoidal amplitude-transmittance profiles. The optical properties of such devices, known as Gabor zone plates, have been described by Waldman, " 8 Horman and Chau,' 9 and Markus. 2 0 Their performance characteristics are also shown in Table I . They are somewhat inferior to Fresnel zone plates, as only 1/16 of the incident flux appears in the real image. The perfect Gabor zone plate has no higher-order foci.
If the absorber is replaced by a phase shifter in the Gabor zone plate (as in the change from the Fresnel to the Rayleigh-Wood zone plate) the performance, as shown in Table I In the far-ultraviolet and x-ray regions of the electromagnetic spectrum, all materials become absorbing, and the real part of the refractive index approaches the value of 1.0. It is therefore not possible to build a genuine Rayleigh-Wood device with transparent phase-shifting zones. It is possible, however, to approach it by careful choice of the material used. We will derive here the flux distribution from a zone plate made using a material of refractive index n= 1-6-ik, (5) where a is the deviation of the real part from unity, and k is the imaginary part of the index of refraction.
We will find that the performance of the zone plate depends on the ratio k "1=-. '5 _ (6) It is sufficient to consider a pair of zones, over which the optical path to the image increases by X (and the phase 0 by 27r), for, apart from obliqueness and other normally small corrections, all such pairs contribute equally to the image. As we shall show later, the conventional choice of zone boundaries always gives If we use the parameter 77 defined in Eq. (6), the exponent becomes 27rkt/X =7 and the intensity, maximum flux in the primary image. Therefore, we adopt it here.
We leave the first zone of our pair open, and cover the second with a thickness t of our refractive material. This material attenuates the flux by a factor e-4rktlx, the amplitude by e-27rktIX, and retards its phase with respect to the open zone by 4 = 2irt6/X.
To obtain the contribution of our pair of zones to the amplitude at the primary image, we find the vector sum of the wavelets. This is shown graphically in Fig The amplitude due to the shifted zone is
The flux due to the pair of zones at the image
Contributions to the higher-order images are easily obtained, leading to the general expression Table I for the Rayleigh-Wood zone plate for 7=0 and 0=7r and the results for the Fresnel zone plate for a-b>oo.
We are interested in choosing the material and the thickness that will maximize the flux. The choice of material is straightforward: Since k is constrained to be non-negative by the requirement that materials attenuate rather than amplify the wave, we have to choose 7 as small as possible.
Let us consider now the choice of 0 for a given material. To maximize the flux we set
The solution q5opt of this equation, as a function of 77, is shown in Fig. 2 . As X approaches 0, fopt approaches 7r as expected.
For a given choice of r and X, the flux absorbed in our pair of zones is
Iabs,=_(l-e72n+), Once again the expressions in Eqs. (9) and (10) reduce to the entries given in Table I in the appropriate limits.
In Fig. 3 , we present the fraction of the incident flux that reaches the primary image for 'k4opt as a function of q. We also show the fraction absorbed and that transmitted undiffracted.
So far, our aim has been to maximize the flux in the primary image. This solution does not maximize the signal-to-noise parameter I,/I1, except for q=0. We shall return to the problem of reducing the background in the section on distorted profiles.
DESIGN CONSIDERATIONS FOR EXTREME
uv AND X-RAY USE
A. Choice of Materials
The requirements for acceptable materials are (Fig, 2) . The fraction of incident flux in the primary image (solid curve) and in the undiffracted zero-order background (dashed curve) are shown, as well as the fraction absorbed by the zone-plate material. The points q= co correspond to conventional Fresnel zone plate with opaque zones. The Rayleigh-Wood zone plate has -q = 0.
(ii) The thickness necessary for obtaining the desired phase shift 4 must be smaller than or comparable to the smallest zone spacing.
(iii) They must have good mechanical properties, to permit fabrication and use of these thin devices.
To find material with suitable 7j values, we need to examine the real and imaginary part of the index of refraction as a function of the wavelength for each candidate.
There is a considerable wealth of information available on absorption coefficients both at x ray 22 ' 23 and at ultraviolet 2 4 wavelengths. Much less is known about the real part of the refractive index. Aluminum has been studied extensively throughout the spectrum, 22 and some data have been obtained on several materials from 7 to 190 A.26 Many of these data, however, have been derived from reflection, rather than transmission, measurements; this may introduce some systematic errors.
27 At shorter wavelengths, and away from absorption edges, the free-electron expression
is a good guide. [Here Ne,=ZeffpN/A is the (effective) number of electrons/cm 3 , and re =e 2 /mc 2 is the classical radius of the electron.] More information would clearly be desirable. It is to be noted, however, that optical properties of thin films often vary depending on the process of fabrication and on surface impurities; therefore, some experimentation may be needed in any specific case.
In Table II , we present data on some materials that seem suitable in the wavelength range from 1 to 800 A. Table II is by no means complete. It is meant to illustrate, however, that materials exist with <710.2, which will provide the necessary phase shift with a thickness in the 0.07-3.2-jim range, in the wavelength interval considered.
B. Construction Considerations
Fresnel zone plates for use with visible light have traditionally been made by photography, with a photoemulsion supported on an optically flat glass plate. ', 3 For use with ultraviolet and x rays, however, the zone plate has to be on a substrate that transmits the incident radiation without serious loss of flux. Ideally there would be no substrate at all; the zone plate designed by Baez' is (11), we used Zeff=Z for X below the K edge, Zeff=Z-2 above. d Be is probably suitable in the 130-300-A range, although no consistent set of optical constants has been found in the literature for this wavelength interval.
I These values correspond to pure aluminum. For material with oxidized surfaces, they have to be increased by a factor of about 1.6-1.8. those regions of the spectrum where the material and the thickness required provide enough rigidity for self-support.
In many regions of the spectrum, the parameters given in Table II result in structures with insufficient rigidity of their own. In these cases, the zone plates must be prepared by electroplating or evaporating onto a suitable substrate. This technique has been used with success by Schmahl and Rudolph. '" In Table III , we present a list of some materials that may be useful as substrates in the 1-300-A wavelength range. Morecomplete lists are available in the literature. 2 4 To form the zones would require the use of techniques similar to the ones developed for constructing conventional Fresnel zone plates. The necessary pattern may be created in photoresist by contact printing a zone mask on it, then developing and etching. The electron-optical technique developed by the TUbingen group 29 is another way to copy or reduce the scale of a high-quality master. Optical techniques 8 ", that can produce plates with many zones are certainly applicable, although the resulting zone profiles will not necessarily be rectangular in cross section. The effects of such deviations from the model that we have been considering will be examined in the next section.
The radius of the central zone is simply determined by the wavelength, and the desired focal length: From Eq. Whatever the process of fabrication, the thickness and the uniformity of thickness of the zone material has to be carefully controlled. To provide a quantitative guide to the tolerances in the construction process, we shall turn now to a discussion of the effects of imperfections on optical performance.
ZONE PLATES WITHI-DISTORTED pPI10FILES
The zone plates discussed so far had open and shifting zones with sharply defined boundaries between these at the radii r., given by Eqs. (1) or (4). As already mentioned, the open and shifting zones are then nearly equal in area.
In this section, we shall consider zone plates with more-general profiles. We continue to insist that the pattern repeat for all zone pairs, but we allow the boundary within the zone pair to be in an arbitrary position [ Fig. 4(a) ]. We shall also allow the transition from open to shifting regions to take place over finite transition regions [ Fig. 4(b) ]. These considerations will allow us to examine the effects of imperfections in zone formation. They will also lead us to the design of zone plates with the undiffracted zero-order background entirely eliminated.
The flux distribution from zone plates with moregeneral transmission profiles (but no phase shift) has been obtained by Waldman," Markus," 0 and by Horman and Chau.lU The distributioll from zone plaLes witlh more general phase-shift profiles has been obtained by Dammann."5 Our choice of a profile made up of linear segments simplifies the algebra, but retains enough generality to give us some insight into the optical performance to be expected in a wide variety of cases.
We shall start by writing down the expressions for the amplitudes in the more-general case of Fig. 4(b) , and will then consider some interesting special cases.
Within our pair of zones (corresponding to an interval of 27r in 0), we distinguish four regions.
Region I is the open region. (0<0<01), with ,=0. Region III is the shifting region, with a phase shift of 00, and amplitude attenuation ergo (02<0<03).
Regions II and IV are transition regions; for region II, 01<0<02, and 4= (Oo/Ca)(0-01), whereas for region IV, 03a<0< 27r, and ' = (Oo/a) (27r-0), where a =02-0 =27r -03, is the width of the transition regions.
Remembering that for our materials the phase is retarded with respect to the vacuum, we can write for the amplitude at the primary image
The integration gives
Ai=-e i(61/2) I 1-A e a \ a 2 +40o(n7+j)2
The undiffracted, zero-order amplitude Ao is given by c r
(1-e-fo(0X+i) 02+
0o (07+i) +2(7r-a)e-0-0)+0 |. (14) The flux absorbed is given by abs=-
These expressions become quite simple for the case of rectangular profiles. In that case a =0, and we get, Note that the only difference between this expression and our previous result Eq. (7) is the factor sin2(01/2). As expected, the flux is greatest for the conventional choice of boundaries (01=7r). It is also apparent from Eq. (16) that we have already found the optimum value of 00 for any value of 01 by solving Eq. (8). We shall first examine the effect of small departures from the optimized profile. In Fig. 5 Zone plates with more-gently sloping profiles such as may result from optical fabrication are inferior in their performance. To illustrate the general trend, we present in Fig. 8 the optimal phase shift, and in Fig. 9 the flux as a function of a for the case of equal open and shifting zones (01+a=7r).
All of the zone profiles that we have considered so far have real and virtual images with identical radiances. This identity results from the symmetry of the transition regions. If, in Fig. 4(b) , we increase region II with respect to region IV, the radiance of the real image increases relative to the virtual image, and vice versa.
(We assume here that the real part of the index of refraction is less than 1; otherwise the converse is true.)
A special case of this asymmetric arrangement with ,q=0, 0o=27r, 01=0, 02=22r is the phase plate, The image flux and absorption obtained with this choice of parameters are shown in Fig. 7 . Although, in this design, there is no undiffracted background, the contribution from higher-order and virtual images will still constitute an undesirable back- 33 with which all of the there are materials for which q<0. 2 ; with such materials lx goes into one primary image. Properties of it is possible to approach the optical performance of the ; with various profiles approximating this Rayleigh-Wood phase-reversal zone plate. been discussed by Dammann."5 Compared to the conventional Fresnel zone plate with opaque zones, the image flux is improved by a 1ARY AND FURTHER COMMENTS factor between 2 and 4. The undiffracted zero-order demonstrated that the choice of materials background can be reduced by a factor of at least 4, or ate celiminated entirely at a small cost of image flux. The construction is governed by the parameter energy absorbed by the zone plate depends strongly on ,q. For -q=0.2, the absorption is reduced by only 30%; , , , . , . however, for q=0.05, the reduction is 75%. We have also shown that the optical performance of our zone plate will not deteriorate substantially if the zones are formed with somewhat distorted profiles.
To obtain good imaging characteristics, the zone plate \ /.
/must be used with a monochromatic or nearly mono-
chromatic source. When used with a wavelength different from the one for which it was designed, the image will suffer both from chromatic and spherical aberrations,"' owing to the way in which our expression for zone radii Eq. (4) depends on f and X. In addition, for the phase-reversal zone plate, the optimal zone thick-
ness is also a function of X, and broad-band illumination will therefore inevitably result in some undiffracted background. Nevertheless, it has been demonstrated" Although the narrowness of the zone-plate bandwidth is rectangular for a = 0, and triangular for a = 7r. The and fully shifted regions are of the same width is certainly a disadvantage in some applications, it can also be exploited to isolate pre-selected spectral lines. 
PHASE ZONE PLATES FOR X RAYS AND euv
In addition to their use in x-ray telescopes, 7 ' 30 zoneplates have been suggested for use in microscopes and monochromators for vacuum-ultraviolet use. In all of these applications, phase reversal will be useful. Moreover, in linear devices such as transmission gratings for use in the x-ray region, 34 phase reversal may be used to improve the efficiency over a limited spectral range.
Although we have been emphasizing applications in the uv and x-ray regions of the electromagnetic spectrum, all the discussions and results concerning zoneplate performance and distortions have a much wider range of validity. As long as reflections at zone-plate surfaces may be neglected-as is the case if the index of refraction is near 1.0-these results apply equally well to the use of zone plates with visible light, microwaves, and all other electromagnetic radiation, and to their possible use with thermal neutrons, sound, and other wave phenomena as well.
